We consider an ideal Bose gas contained in a cylinder in three spatial dimensions, subjected to a uniform gravitational field. It has been claimed by some authors that there is discrepancy between the semiclassical and quantum calculations in the thermal properties of such a system. To check this claim, we calculate the heat capacity and isothermal compressibility of this system semiclassically as well as from the quantum spectrum of the density of states. The quantum calculation is done for a finite number of particles. We find good agreement between the two calculations when the number of particles are taken to be large. We also find that this system has the same thermal properties as an ideal five dimensional Bose gas.
Introduction
There is a body of literature on an ideal Bose gas in a uniform gravitational field [1, 2, 3, 4, 5] . The gas may be contained in an external potential, or a large box, and subjected to a uniform gravitational potential. Using the semiclassical approximation, its thermal properties have been calculated analytically in the grand canonical formalism [6, 7] . Our motivation for studying this simple system is to check how closely does the semiclassical approximation follow the results of the quantum calculation. The authors of Ref. [4] claim that, contrary to previous wisdom, in three dimensions an ideal Bose gas in a uniform gravitational field does not undergo BEC at a finite temperature. They attribute that to the replacement of the discrete quantum energy spectrum with a smooth density of states. In the semiclassical approximation, one replaces the discrete density of states by a smooth one, while treating the ground state exactly. In the quantum calculation, on the other hand, the exact discrete energy levels of the system are calculated to compute the grand canonical ensemble (GCE) and the resulting thermal properties. In realistic statistical mechanics problems, one generally follows the semiclassical route. For the system at hand, the quantum calculation is done for a finite number of particles. We find that as the number of particles is increased to larger and larger values, the quantum and semiclassical results become very close, even across the BEC critical temperature.
In this paper, we pay special attention to the calculation of the isothermal compressibility of the Bose gas. Recent experimental work on the isothermal compressibility across the Bose-Einstein condensation has been reported in Ref. [8] for a harmonically trapped gas. The authors suggest that the isothermal compressibility around the critical pressure reveals a second-order nature of the phase transition. On the other hand predictions based on a number of different mean-field approximations [9] do not lead to second-order phase transitions, and the isothermal compressibility does not diverge at criticality. In contrast to these authors, we discuss noninteracting systems only. It is well documented that in GCE, the isothermal compressibility diverges at the critical temperature T c in the absence of interparticle interactions [10] . It is also known that even a weak interparticle interaction removes this divergence [11] . In the present problem, however, gravitation is introduced as a one-body ramp potential, and it is not clear at the outset how it will affect the compressibility.
We find that the semiclassical calculation in three dimensions of the ideal Bose gas with uniform gravity is equivalent to the analysis of a five-dimensional ideal Bose gas without gravity. We use this novel approach to obtain results for the specific heat and isothermal compressibility. The resulting compressibility is divergence-free and continuous across T c . In the case of heat capacity, in the absence of the gravitational field, there is a discontinuity in its slope at T c . Introducing gravitation, or, alternately five spatial dimensions, this discontinuity is in the heat capacity itself.
The calculations were performed by taking a cylindrical container, as shown in Fig. 1 . In the zx plane, we take a circular disc, which is the bottom of the cylinder at y = 0. The atoms in the Bose gas are not allowed to take negative values of y. The gravitational field is along the y direction, and the potential is a ramp along the positive y axis.
The plan of the paper is as follows. In Sec. 2, the semiclassical calculation is done using the phase space approach. It is established that one can describe the system under consideration in five spatial dimensions, but without the gravitation. The grand potential is calculated and the critical temperature T c is obtained. In Sec. 3, we give the results for isothermal compressibility and the heat capacity. In Sec. 4 a quantum calculation is done to show that BEC takes place and the results agree with the semiclassical calculation.
2 Three-dimensional gas in a uniform gravitational potential
In this section, we show that an ideal Bose gas in three spatial dimensions, subjected to a uniform gravitational potential, may be looked upon as an ideal five dimensional gravity-free gas. We then use the semiclassical method to calculate the critical temperature of BEC. Using the geometry of Fig. 1 , the single particle energy is given by
where m is the mass of each boson, and g is the gravitational acceleration on the earth's surface, and
where β = 1/T , the fugacity z = exp(βµ), and Z 1 (lβ) is the one-body partition function in the variable lβ. In the semiclassical approximation, Z 1 (β) in the variable β, is given by
The two-dimensional spatial integral gives the area A of the disc, yielding
Note that as g → 0, we recover the correct
where V = AL is the three-dimensional spatial volume. The thermal wavelength λ T (obtained from the p integration) is given by
For our present problem with nonzero g and low temperatures, we impose the condition that k B T ≪ mgL, i.e. βmgL ≫ 1. Under this condition, Eq. (4) reduces to
Equation (6) could be rewritten as an ideal five-dimensional partition function (without gravity)
where
has the dimension of (length) 5 . We write V 5 = (A · V 3 ), where V 3 is a hypothetical 3-volume. Taking m to be that of a Rb 87 atom, we find V 3 to be exceedingly small, of the order of 10 −18 cubic meter. This V 3 is not to be confused with the large three-dimensional volume V = AL in which the atoms are confined. In the following, we shall calculate the thermal properties of this noninteracting gas of bosons in 5-spatial dimensions .
Substituting forZ 1 (β) from Eq. (7) in Eq. (2), we see that the grand potential may be written as
whereb l = 1/l 7/2 are the statistical "cluster integrals". In standard notation,
In the gas phase,
One puts in the constraint thatN = N , and this makes z a function of T . The sum on the RHS converges at z = 1, so the above relation is valid only for T ≥ T c . For lower temperatures, the ground state starts having macroscopic occupancies. The critical temperature is given by
where λ T is at T = T c , and ζ(5/2) is the Riemann zeta function. It is straight forward to deduce from Eq. (11) that the critical temperature is given by
This agrees with the expression for T c as given by Du et al. [7] , that was obtained by the standard procedure in three spatial dimensions in the presence of the uniform gravitational field. Furthermore it follows that
where N ǫ=0 refers to the number of particles in the ground state. In Sec. 4, a fully quantum mechanical calculation is performed to demonstrate that BEC does take place at a finite temperature that is consistent with the semiclassical result as given by Eq. (12).
3 Semiclassical isothermal compressibility and heat capacity
Isothermal compressibility
Quite generally, the isothermal compressibility is defined, in any dimension, by
and is directly related to number fluctuation in GCE. Note that κ T has different dimensionality in three and five space dimensions. For this reason, we denote the compressibility in five dimensions byκ T . Once the grand potential Ω b has been calculated (see Eq. (9)), the average particle numbern 5 is obtained from (10)), and its second derivative with respect to µ is related to κ T :
Note that we fixN = N using Eq. (10), so that the number density of bosons remains a constant. A little algebra gives, for our five-dimensional ideal gas,
whereb l = 1/l 7/2 . Note thatκ T is finite and continuous across the critical temperature (with z = 1). At T c the compressibility is finite, i.e.,n 5 k B T cκT = 1.9474. This is in contrast to the ideal gas in three spatial dimensions discussed in Ref. [12] . In that case, the compressibility is given as
wheren 3 = N V is the number density in three dimensions. The compressibility diverges at T c . In the presence of uniform gravitation, we find that the above expression is modified to
which is not divergent at T c . Note that this expression is valid when T ≥ T c . In order to calculate the compressibility below as well as above T c we use a modification of Eq. (10) that includes the effect of the ground state in order to obtain z as a function of T , i.e.,n
The isothermal compressibility is theñ
which diverges at T = 0. We use the corresponding equation in three dimensions, with κ T replacingκ T ,n 3 replacingn 5 , and V replacing V 5 in Eq. (20), to compare with the quantum results in three dimensions in the presence of uniform gravity. As we shall see, this procedure gives good agreement with the quantum calculations for both the heat capacity and the compressibility as shown in Fig. 3 in Sec. 4 of this paper.
Heat capacity
To calculate the heat capacity, we need to calculate the average energyĒ, which is − 5 2 Ω b , where Ω b is defined in Eq. (9), and the average number of bosonsN , defined in Eq. (10). The energy is differentiated with respect to T , with the constraint thatN = N , where N is a constant.
This gives the condition that dN dT = 0, implying that the fugacity z is dependent on T . The derivation will not be given here since our result coincides with Du et al. [7] . We give the final result below, so that this semiclassical result may be plotted numerically, and compared with the quantum calculation in the next section.
Noting that for T → ∞, z → 0, and in that limit g l (z) → z, we deduce from Eq. (21) that in this limit C V N = 2.5k B , where we have inserted the Boltzmann constant k B that was hitherto suppressed. This is in accord with the classical equipartition theorem that per degree of freedom the asymptotic heat capacity per particle is k B /2. Therefore the system has five independent dimensions. Note also the discontinuity at T c , i.e., [
4 Quantum calculation for a system of a finite number of particles
Quantum calculations for systems with a finite number of particles have been done [13, 14] , which indicate that for trapped particles such systems experience phase transitions even for one or two dimensions. Such systems have properties that begin to approach even for a small number of particles those in the thermodynamic limit. Cavalcanti et al. [4] raise some doubts about the continuous state approximation in the BEC results of the present problem when compared with the quantum calculations. For that reason we consider the exact quantum calculation, but with a finite, but increasing, number of particles. We consider a quantum calculation in three spatial dimensions with the bosons subject to uniform gravity, and compare the quantum results to the semiclassical results in five spatial dimensions. The energies spectrum is obtained for a particle in a cylindrical space shown in Fig. 1 with L very large. In that case, setting 2 /2m = 1, the energies are
where ν is the angular quantum number taking values ν = 0, ±1, ±2, . . . . The k νs a are the zeros of the Bessel function of the first kind J ν (ka), ε n = −α 2/3 η n where η n are the zeros of the Airy function Ai(η) and α 2 = mg. The subscript i refers to all three quantum numbers collectively.
From the perspective of the bosonic grand canonical ensemble, the expression for the number of bosons in a system with energy ǫ i is
where g i is the degeneracy of the state with energy ǫ i ; g i = 1 when ν = 0 and g i = 2 when ν = 0. We use an energy scale such that ǫ 0 = 0. The total number of bosons in the system isN
To ensure positive N i 's we require that the chemical potential µ ≤ 0. By setting N 0 = 0 and µ = 0, the critical temperature T c can be defined [14] , and we solvē
for β c to obtain T c . The chemical potential (or the fugacity) is determined by the constraint that the total number of particles is fixed as N =N . We can obtain z as a function of T or T /T c by solving
for z when T is given. The energy as a function of temperature is
The specific heat is
where in the derivation we have used the constancy of the particle number, dN dT = 0, in order to obtain an expression for ∂z ∂T . Finally we obtain the isothermal compressibility
In Figs. 2(a) and 2(b) we show the fugacity and the number of particles distribution as a function of temperature. In Figs. 3(a) and 3(b) we show the specific heat and the isothermal compressibility as functions of the temperature. In the ramp calculations care must be taken that a sufficient number of energy eigenstate states are included since the energy spacing decreases as the energies increase. Thus we use 10,000 energy states from the zeros of the Airy functions and we let the maximum values of ν and s be 200. A good check to see whether a sufficient number of energy states have been included is the high temperature limit of the specific heat which is 5/2. The parameters of the calculation are a = 5 and α = 1. Figures 2 and 3 clearly show the onset of the BEC; the trend as the particle number increases is already nearly saturated for N = 500. The quantum calculations for finite numbers of particles shown in Fig. 3 approach the semiclassical results which are in thermodynamic limit. The isothermal compressibility has an interesting behaviour in that the particle number sensitivity seems most pronounced around the critical temperature. Furthermore the compressibility is finite at the critical temperature and increases rapidly with decreasing temperature. This corresponds to what is observed in the semi-classical calculation for free bosons in five dimensions. This is in contrast to the free ideal boson case in three dimensions for which the compressibility approaches infinity when T approaches T c from above. The semiclassical and quantum calculations for N = 500 are very close. We used the volume as a parameter in the semiclassical calculation, and it was chosen to be 350 in or- der that z remain less than or equal to unity. In all cases we chosen 3 = 1. For consistency with the N = 1, 000 and 10,000 cases we should have chosen V to be 1,000 and 10,000, respectively. If we do the semiclassical calculations with these values of V , the compressibility graphs correspond to the quantum graphs with N = 1, 000 and 10,000, respectively. In the last two cases the semiclassical values for z slightly exceed unity (by say 0.5%).
Summary
In summary, we note that a five-dimensional gravity-free ideal Bose gas appears to have the same thermal properties as that of three-dimensional bosons in a uniform gravitational field. The semiclassical approximation using continuous density of states is seen to agree with quantum calculations with a finite number of particles, especially as the number of bosons is increased. The divergence in the isothermal compressibility of an ideal Bose gas at T c is shown to be shifted to zero temperature in uniform gravity .
